


DIFFERENTIAL CALCULUS is a branch of mathematics that deals with RATES OF
CHANGE.

The INSTANTANEOUS RATE OF CHANGE of a function...at a particular point...can
be found by calculating the gradient of the tangent...to the function at that point.

More generally...for a function f(x) we can define a DERIVATIVE
FUNCTION...OR...GRADIENT FUNCTION f'(x) which allows us to calculate the
gradient of the tangent at any point on the function.

The process of finding the derivative function is called DIFFERENTIATION.




To differentiate a function...

We can use the theory of LIMITS.
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Limits

If f(x) can be made as close as we like to some real number...A...by making x
sufficiently close to...(but not equal to) a...then we say that f(x) has a LIMIT...of
A...as x approaches a...and we write...

chi_rgf(x) =A

the limit as x approaches a of f(x)equals to A
In this case...f (x) is said to ...as X approaches a




Find the derivative function by 15t principles

Consider the function y = f(x) where A is the point (x, f(x))....and B is the point
(x +h,f(x+ h))

The gradient of the chord [AB] is:
fo+h) = f(x)
h
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Another way to express this gradient is using the LEIBNIZ NOTATION:
0y
5x

Where §y = f(x + h) — f(x)...is the vertical step

And 6x = h is the horizontal step

o0y = deltay = change iny

.ill‘

[




To calculate the gradient of the tangent at A...we let the point B get closer and
closer to A.

This means that the horizontal step dx = h becomes infinitely small...and the
f(x+h)—f(x)

gradient of the tangent at the general point A (x, f (x)) is: 111m(1)

The derivative function of y = f(x) is defined as:

flx+h) - f(x)

dy " A o 4
dx

read as ...dee vy ...by dee x ... @

f'(x) = lim




Example 1

Use 1%t principles to find the derivative of f(x) = x>
Find (1) and interpret your answer

fx+h) = fx)

f'(x) = lim

3 b3
— lim (X + h) X f(r? f(z) =23
h—0 h
’ x3 4+ 3x%h + 3xh? + h3 — x3 /> gradient - ;
= lim
h—0 h
- h(3x* + 3xh + h%)
= lim T
h—0 h
= lim(3x% + 3xh + h?)
h—0 9
= 3x

(1) = 3(1)% =3

Therefore the gradient of the tangent to f(x) = x3 at the point where x = 1is 3



f(x) =x?

Find the derivative from 1%t principles!!!

(0 = limg LR S

h
(x+h)2—x

h—> h
Q + 2xh + h% — x?
= 11m
h—0

h
2xh + h?

o2 h)
= |lim
h—0 h

x+h..subh=20
= 2x + (0)
= 2X

= |lim
h—-




f(x) =2x..(2)

Find the derivative from 15t principles!!!

St ) - fE)

fre0 =i X
Z(x + h) — 2x
= lim

=0 2t T — 2

B h—>0 j}l

= lim —

itz

£




f(x) = 2x? ... (4x)

Find the derivative from 1% principles!!!

St - fx)

fl(x) =
_ Z(x + h)? —
= Jim h
2(x2 + 2xh + hz) — 2x?°
-
,%Z + 4xh + 2h? =7%?
h—>0 h
~ 4xh + 2h%?
= jm—
- hk(4x + 2h)
~ hlo )'s

=4x + 2h..subh =0
4x




Example 2

Given f(x) = %...use 1%t principles to find f'(x)

fx+h)—f(x)

f'(x) = lim

1
~imXth X x(x + h)
h—0 h x(x + h)
B x—(x+nh)
~ 0 hx(xl-ll—h)

— I
ho0 hx(x + h)
= —1/x?




1 a Use first principles to find the derivative function f!(z) for f(z) =22,

b Find f'(3) and interpret your answer.

from first principles, given that fl) is:
b | e —rt d 2;!
x) from first principles, given that f(xr) is:

g Find fr)
a
3 Find I
3 |
a - b 72 L4 _—
: 2 .
4 The graph of f(-"}=_1_—g 18 shown alongside,

a Usc first principles to find f'(x).
b Hence. find the gradient of the tangent to
f(x) at:

I.]":"l 1} r=2.

¢ Copy the graph, and include the
information from b.




flx) =x

1) — i LR = @)
h—-

h
_O&+h)—x
= lim

h—0

_ x+%—x
= lim

h—0 ﬁ

= lm -
=1




f) =1
1) — i LW = FC)

h—0 h

The Constant rule says
the derivative of
any constant function is always 0.




f O 3 - fo
, _ X+n)—J[(x
f'(x) = Jim , h
i —(x + h)* — (—x*)
h—0 h
—(x2 + 2xh + hz) + x?

= o h
—x% — 2xh — h* + x°

= lim
h—0 h

~ —2xh — h*
= m—y

~ h(—2x—nh)

= lim

h—0 h
=—-2x—h...subh=0

= —2x




d)

f(x) = 2x3

1) =y LD =1
2(x + h)3 — 2x3

= lim
h—0 h
y 2(x3 4+ 3x%h + 3xh? + h3) — 23
= lim
h—0 h
- 2x3 + 6x%h + 6xh® + h3 — 2x3
- i

h
6x°h + 6xh? + h°

= lim
h—0 h
h(6x? + 6xh + h>)

= lim
h—0 h
= 6x°+6xh+h3..subh=0

= 6x°



= | W

flx) =
o 2 i LG = @
h—

03 hj
CEDIAS

= lim
h—-0

_ 3x h3(x + h)\ 1
= hSo (x(x +h)  x(x+ h)) 'h

_ 3x —3x—3h\ 1
oo\ x2+xh )h
(3R
~ o\ 52 +xh/"

= }11—%x2 _l_xh...subh: 0

= —3/x?




b)

flx) =1/x? _( —2x—h )
( x2(x + h)?
f’(x)=;li£r(1)f(x+h})l—f(x) =( G b )
1 1)1 x% — 2x3h + x2h?
=}ll—r>r(l) (x+h)2_x2>'ﬁ =—24x
-y ) 5
h—0 xz(x+h)2 xz(x_l_h)z ‘I =_;
~(x* = (x*+2xh+h?)\ 1
:Illl—r>r(l)< xz(x+h)2 >ﬁ
. [(x?—x?—2xh—h%*\ 1
ﬂlﬁ%( x?(x + h)? )'E

_ —2xh — h#\ 1
= hl—r>r(1) xZ(x + h)z . h




2
Fo) = -

f(x+h) fx)

—>0 h
| 2 2\\ 1
= i (‘ G+ 3 (‘F))'E
| 2 2\ 1
= hm <_ x3 + 3x2h + 3xh? + h3 +F) "h
. ( —2(x3) N 2(x® + 3x2h + 3xh? + h® ) 1
h—>0\ x3(x3 + 3x2h + 3xh?2 + h3)  x3(x3+3x2h+3xh?2+h3) | h

= lim
h—-0

—2x3 + 2x3 + 6x%h + 6xh?% + 2h3

1

= lim
h—-0

(

x® + 3x°h 4+ 3x*h?2 4+ x3h3
6x%°h + 6xh? + 2h3

x® 4+ 3x°h 4+ 3x*h?2 4+ x3h3

)

h
1
h




Example 3

Given f(x) = +/x ...use 1% principles to find f'(x)

fx+h) = fx)

f'(x) = lim

 Vx+h—+/x
f1G0) = lim h
SN (\/x+h—\/§> VX + h+ Jx
FO=I\"n ) \rr+v
G0 = i xX+h—x
S REDETEN:
[0 = fim O )
zﬁiﬁ

2




= lim

dy

Lety = 4 d
ety x+xfmdx

dy _ . flx+h)—fx)

dx  hoo h
(x+h)3+4(x+h)—(x + 4x)

=}llim
x3+3x2h+3xh2+h@+4x+4h—x3—4x

h—0 h
h(3x? + 3xh + h* + 4




So here’s a function...

N

The derivative is...

b

<
1
O
&=
N

How did |
get it...?







Remember...the derivative gives you the rate of change.
The rate of change is calculated based on the graph that is drawn.

The derivative is the gradient of the tangent to the curve at some point on the
curve.

Remember that the tangent touches the curve ONLY AT 1 POINT!



Simple rules of differentiation

C (constant) 0 Differentiating a constant
x™ nx™1 Differentiating x™
cu(x) cu'(x) Constant times a function
u(x) + v(x) u'(x) +v'(x) Addition rule

)
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Example 4

Find f'(x) for f(x) equal to:

a) Zx +7x2—5x+4
p) S-S

a)

b)

f(x)=2x3+7x*—5x+4

f'(x) = 2(3x2) +7(2x) = 5(1)
= 6x° + 14x — 5

6
f(x) ==— F
= Sx‘1 6x 2
f'(x) =5(- 1x‘2) 6( 2x73)
= —5x72% 4 12x73
5 12

x2  x3




f ' +42
i 9 322

n 2t 4 1,4

- Tr

€ 3
9 r° 6r+2
k 1 -2r+5

© r’(r - 4)

— 27
422 + 3r - 5

%IE — 52

+ 4T

(z+3)(x - 1)




1
Find i'i

for:

1
IT
9
IE
3 T
T2 rd
1
TI‘I —
4x+
e — dz + 3




b)

d)

y=x
yr — 5x4
y =x’
yl — 9x8
y = 3x°
y' = 18x°
y = —2x’
y' = —14x°
1
_ .4
y Zx
y' = 2x3

f)

j)

k)

y =x3+4x
y' =3x%+4

y =x%—6x+2
y'=2x—6

y =4x*>+3x—5
y'=8x+3

y=8x%-1
y' =16x

y=x3—-2x+5
y' =3x% -2

1
y=§x3—5x2+4x
y' =x%—10x + 4

m)
y =6 —5x — 2x?
y'=-5—4x
n)
1
y=x6+§x4—7x
4
y’=6x5+§x3—7
o)
y =x°(x—4)
y = x3 — 4x?
y' = 3x% —8x

p)
y=+3)(x—-1)
=x?>—x+3x—3
=x?+2x—3
=2x+ 2




2
Y =T
= —2x°
y' =10x"6
f)
5
" x2
= 5x 2
y' = —10x73
g)
2
y =3x+ ”
=3x+2x7 1
y'=3-— 2x ™2

h)

_1 4
y_x X2
=x_1—4x_2

j)






Example 5

Find f'(x) for f(x) equal to:
a) 64x +z

9
b) e










f(x) =6x3—9x +4
f'(x) =18x% -9

f(x) =2t* —10t* + 13t
f'(x) =8t3—20t + 13

f(x) =4x7 —3x77 + 9x
f'(x) =28x°+21x 849

f(x)=y™*—=9y™3 +8y~% +12
fl(x) =—4y=>+27y * - 16y~3




f(x) = 103/x — 2¥x
10 2 1 3

! ——x 34+ —x 4
f'(x) 3 X +2x

f(x) = 10%_2— \/? + 63/x8 — 3

5
f'(x) =6x5 — Exi + 16x3

(t) = 4 1 . 3
(6= t, 6t3  t°
1
=4t ot 8t >

1
f'(t) =—4t% + Et—‘* — 40t~







f(x) = (x =D (2x + x%)
= 2x% + x> — 8x — 4x*
f'(x) = —4x + 3x* —8

4x3 —T7x + 8

‘g

=4x% -7 +—

h(x) =

X
h'(x) = 8x — 8x~?

5 3
y> —5y° + 2y
fy) = i~

=y% —5+4 2y~ °
') =2y -4y




Find derivatives for the following
examples...

a)y = x*
b) y = 3x3
c)y =5x%—8

dy=x%—2x+7
e)y = x3 — 2x?
f)y = x® — 5x* — 4x3 — 2x
g)y=8x1'25
1
h)y = x2 — 3x~*

3x%+6x3

)y =—
. 1
)y =xt(x*—12)

5

k)y =—3x 3
Ny =2x"1 —6x7% + 4x73
m)y = Vx

ny=x+x.x
0)y = 2x°+6x%-3
Y = 2x72










1 : f
Fmd:/lr_[;rj for f(r) equal to:
d I
f. b 4/

e —
7 f 20+ 8yr
I Jr — B fi
7= I =7
'l”" ;







The chain rule

We can often write complicated functions as the composite of two or more
simpler functions.

_...:ll"

For example
4
y = (x2 + 3x)
This could be written as...

y = u*..whereu = x? + 3x
or as ...

y = g(f(x)) where g(x) = x* f(x) — x% + 3x




Example 6

a) g(f(x))if g(x) = yxand f(x) = 2 — 3x
b) g(x) and f(x) such that g(f(x)) = —

a)
9(f(x))
= g(2 — 3x)
=2 —3x
b)
if welet f(x) =x— 9;2 ..then ...
g(f(x)) = m

g(x)=;andf(X)=x—x2




1 Find g(f(x)) if:

a glz)=1* and f(z)=20+7 b glx)=2r+7 and fq;ﬂ:.rf
¢ glr) = and f(z)=3-4dz d g(zx)=3-4r and fla) =
e H{I]:E and f(z)=1"+3 f g(z)=2*+3 and f(2) =-';~

I

2 Find g(x) and f(x) such that g(f(x)) 1s

3 1 —5
' {32+10) b 2 + 4 ¢ vai-dz d (3r — x2)3









More examples of the chain rule

, 4 y=v1l-—38x
y=(6x +7x) —(1_-8 )%
u* = 4u3 - 1x2
_— = — — u
a0 dzzdz'dx
= 4(6x2+7x)". (12x + 7)

1 2
= —(1-8x)73.(-8)

B
d)
y = csc(7x)
csc(u) = — csc(u) cot(u)
poiabntor dy _ dy du
—2(4t2 =3t +2) 7. (8t - 3) dx du dx

—csc(7x) .cot(7x).(7)
—7 csc(7x) . cot(7x)




Derivatives of composite functions

The reason we are interested in writing complicated functions as composite functions is to
make finding derivatives easier.

l-'nl*lmdt" y = g(u) where flx).

———

For @ small change of b in o, there i g small change of

f(z+ bx) - _
and a small change of 4y iy . r) - f(z) = bu

n u
an

mte

| Now

h.‘

N ;‘jy v du . T
L = == X = {fraction multiplication}

-

-
=

' As dr — 0. du— 0 also.

oy oy bu

lim = = lim = % lim <= -
" gr—0 0T dbu—0 du ,s;,._}}ﬂ, br {hm“ I'UI.C} |
dy _ dy du !|
dr  du dr |




Example 7

. ay ..
Find — if:
a) y=(x?- 2x)4

4
b)y= 1-2x




1 Write in the form au". clearly stating what u is:

a I b v re - 3r C 2

(2r - 1)? s

1 g 10
(3 - z)3 7
T : Te ;

9 Differentiate y = (2 + 3)? by:
a using the chain rule with u = 2x + 3

b expanding y = (22 + 3)? then differentiating term-by-term.









y = (2x + 3)?

letu=2x+ 3

y =u’

=2(2x +3).(2)
= 4(2x + 3)
= 8x + 12

y = (2x + 3)?
= (2x + 3)(2x + 3)
=4x% + 6x+6x+9
=4x%+12x+9

y'=8x+12




3 Find the derivative function
a y=(4z - 5)?

d y=(1-32)*

dy o
(7; ﬂ)r.

€C Y= \/3413 — 2

f y= V22372

\3
i y=2(3¢2~£)
"












More examples...

1.
y = (6x2 + 7x)4
ut = 4u3
dy dy du
dx ~ du dx
= 4(6x2 + 7x)". (12x + 7)

y=(4t2 =3t +2)""

2 — _

= —2(4t? -3t + 2)_3. (8t — 3)

y = V1 — 8x
y)
= (1—-8x) 3.(—8)

y = csc(7x)
csc(u) = —csc(u) . cot(u)
dy dy du
dx du dx
= —csc(7x) .cot(7x) . (7)
= —7 csc(7x) . cot(7x)

y = 2sin(3x + tan(x))

2sin(u)
dy dy du
dx du dx

= 2 cos(3x + tan(x)) .3 + sec?(x)

y = tan(4 + 10x)

tan(u)
dy dy du
dx du dx

= sec?(4 + 10x).(10)
= 10sec?(4 + 10x)






The product rule

If f(x) = ulx)v(x)..then..f (x) = u'(x).v(x) + u(x).v'(x)

Alternatively...

If y = uv ...where u and v are functions of x ...then ...

dy du N dv
dx_dx'v u'dx




Example 8

Find Z—y if...

a) yx= Vx(2x + 1)3
b) y=x%*(x%- 2x)4

a)
y = Jx(2x + 1)3

is the product of u = x2 and v = (2x + 1)3
1 1

u' = Ex_i ..and v’ = 3Q2x + 1)? X 2 ... (chain rule)
— 6(2x + 1)?
Practice this!!! dy ,
now——=uv + uv
, A 1

12

1
—x"2.2x +1)3 + x2.6(2x + 1)?
1 1

Ex_i. (2x +1)3 + 6x2(2x + 1)?




y = x%(x? — Zx)4
is the product of u = x%and v = (x? — Zx)4

u' =2x..and v’ = 4(x? — 2x)3(2x — 2) ... (chain rule)

d
now _y =u'v+uv
dx

= 2x(x2 = 2x)" + x2.4(x% — 2x) (2x — 2)
= 2x(x? — Zx)4 + 4x2. (x% — 2x)3(2x —2)




1 Use the product rule to differenuiate:

a f(m) = 3‘.3(1 = 1) b f(il?) == 2.1?(.]7 + 1) < f(:!!) = 332\/3?_{_\1
d fla)=(z+da—-1) e flo)=aVF 1 t f(z) = 2(2 +1)2
i Ay ysing the product rule:
: dr

2(2x 1) b - ,

. - V=422 4 13 ¢ y=g2 A

‘.i | d v= x._f'fF{.I' :”2 e = ﬁ_ri{grﬂ - i} 7 hiat

- I R S



f(x)=x.(x—1)
ffl) = —-1)+x
=2x—1

f(x)=2x(x+1)
f'(x) =2(x+1)+ 2x
=2x+ 2+ 2x
=4x + 2

flx) =x%Vx+1
=x%. (x + 1)%
f'(x) =2x.vx + 1 +%(x + 1)_%.x2

d)
f)=C+3)(x—-1)
=x’+3x—x—3
=x%+2x—3
=2x + 2

e)
1
fx) =x(x2-1)2
1 1 _1
f'(x) = (x2—1)2+5(x2—1) 2 2x +x

f)
fX) = x(x + 1)*
fl(x) = (x+ 1%+ 2(x + 1(x)
= (x+ 1)+ 2x(x + 1)







The Quotient rule

u(x)

If Q(x) = ) then ...
(x) = u' (x). v(x) —u(x).v'(x)
o= HO)k
Alternatively...




Example 9

Use the quotient rule to find:

14+3x
x2+1

1
b) y= vz u=+x=x2..v=_1-2x)?

wu=1+3x..v=x%2+1

a) y=

1202 ™




the quotient rule to find dy if:

dr
1 + 4z 9
e T
y = b - " o,
L ! 2—1 2r | e y = ;!_—_i
gk VT 12
- y e y=____" .,rj
d v 172 Y e E (o
.
g Find the gradient of the tangent to:
.r. ¥
= — at ¢ = 1 _,~_-’*
a y - 2z b =% ot z=-1
I +
U = ']_ at I = 9
CV=5 71 % 7 d ;- N









