


DIFFERENTIAL CALCULUS is a branch of mathematics that deals with RATES OF 
CHANGE.

The INSTANTANEOUS RATE OF CHANGE of a function…at a particular point…can 
be found by calculating the gradient of the tangent…to the function at that point. 

More generally…for a function 𝑓(𝑥) we can define a DERIVATIVE 
FUNCTION…OR…GRADIENT FUNCTION 𝒇′(𝒙) which allows us to calculate the 
gradient of the tangent at any point on the function.

The process of finding the derivative function is called DIFFERENTIATION.





Limits

If 𝑓(𝑥) can be made as close as we like to some real number…A…by making 𝑥
sufficiently close to…(but not equal to) a…then we say that 𝑓(𝑥) has a LIMIT…of 
A…as x approaches a…and we write…

lim
𝑥→𝑎

𝑓 𝑥 = 𝐴

𝑡ℎ𝑒 𝑙𝑖𝑚𝑖𝑡 𝑎𝑠 𝑥 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑠 𝑎 𝑜𝑓 𝑓 𝑥 𝑒𝑞𝑢𝑎𝑙𝑠 𝑡𝑜 𝐴

In this case…𝑓(𝑥) is said to CONVERGE TO A…as 𝑥 approaches a



Find the derivative function by 1st principles

Consider the function 𝑦 = 𝑓(𝑥) where A is the point (𝑥, 𝑓 𝑥 )….and B is the point 
(𝑥 + ℎ, 𝑓 𝑥 + ℎ )

The gradient of the chord [AB] is:
𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ





Another way to express this gradient is using the LEIBNIZ NOTATION:
𝛿𝑦

𝛿𝑥
Where 𝛿𝑦 = 𝑓 𝑥 + ℎ − 𝑓(𝑥)…is the vertical step

And 𝛿𝑥 = ℎ is the horizontal step

𝛿𝑦 = 𝑑𝑒𝑙𝑡𝑎 𝑦 = 𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑦



To calculate the gradient of the tangent at A…we let the point B get closer and 
closer to A.

This means that the horizontal step 𝛿𝑥 = ℎ becomes infinitely small…and the 

gradient of the tangent at the general point A (𝑥, 𝑓 𝑥 ) is: lim
ℎ→0

𝑓 𝑥+ℎ −𝑓(𝑥)

ℎ

The derivative function of 𝑦 = 𝑓(𝑥) is defined as:

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ
𝑑𝑦

𝑑𝑥
𝑟𝑒𝑎𝑑 𝑎𝑠…𝑑𝑒𝑒 𝑦…𝑏𝑦 𝑑𝑒𝑒 𝑥 …



Example 1

Use 1st principles to find the derivative of 𝑓 𝑥 = 𝑥3

Find 𝑓′(1) and interpret your answer

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

𝑥 + ℎ 3 − 𝑥3

ℎ

= lim
ℎ→0

𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3 − 𝑥3

ℎ

= lim
ℎ→0

ℎ(3𝑥2 + 3𝑥ℎ + ℎ2)

ℎ
= lim

ℎ→0
(3𝑥2 + 3𝑥ℎ + ℎ2)

= 3𝑥2

𝑓′ 1 = 3 1 2 = 3

Therefore the gradient of the tangent to 𝑓 𝑥 = 𝑥3 at the point where 𝑥 = 1 is 3



𝑓 𝑥 = 𝑥2

Find the derivative from 1st principles!!!

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

𝑥 + ℎ 2 − 𝑥2

ℎ

= lim
ℎ→0

𝑥2 + 2𝑥ℎ + ℎ2 − 𝑥2

ℎ

= lim
ℎ→0

2𝑥ℎ + ℎ2

ℎ

= lim
ℎ→0

ℎ 2𝑥 + ℎ

ℎ
= 2𝑥 + ℎ…𝑠𝑢𝑏 ℎ = 0

= 2𝑥 + (0)
= 2𝑥



𝑓 𝑥 = 2𝑥… (2)

Find the derivative from 1st principles!!!

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓(𝑥)

ℎ

= lim
ℎ→0

2 𝑥 + ℎ − 2𝑥

ℎ

= lim
ℎ→0

2𝑥 + 2ℎ − 2𝑥

ℎ

= lim
ℎ→0

2ℎ

ℎ

=
ℎ(2)

ℎ
= 2



𝑓 𝑥 = 2𝑥2…(4𝑥)

Find the derivative from 1st principles!!!

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓(𝑥)

ℎ

= lim
ℎ→0

2 𝑥 + ℎ 2 − 2𝑥2

ℎ

= lim
ℎ→0

2 𝑥2 + 2𝑥ℎ + ℎ2 − 2𝑥2

ℎ

= lim
ℎ→0

2𝑥2 + 4𝑥ℎ + 2ℎ2 − 2𝑥2

ℎ

= lim
ℎ→0

4𝑥ℎ + 2ℎ2

ℎ

= lim
ℎ→0

ℎ(4𝑥 + 2ℎ)

ℎ
= 4𝑥 + 2ℎ…𝑠𝑢𝑏 ℎ = 0

4𝑥



Example 2

Given 𝑓 𝑥 =
1

𝑥
…use 1st principles to find 𝑓′(𝑥)

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

1
𝑥 + ℎ

−
1
𝑥

ℎ
×

𝑥(𝑥 + ℎ)

𝑥(𝑥 + ℎ)

= lim
ℎ→0

𝑥 − (𝑥 + ℎ)

ℎ𝑥(𝑥 + ℎ)

= lim
ℎ→0

−ℎ

ℎ𝑥(𝑥 + ℎ)
= −1/𝑥2



EXERCISE 2A



a)
𝑓 𝑥 = 𝑥

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

𝑥 + ℎ − 𝑥

ℎ

= lim
ℎ→0

𝑥 + ℎ − 𝑥

ℎ

= lim
ℎ→0

ℎ

ℎ
= 1



b)
𝑓 𝑥 = 1

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ



c)
𝑓 𝑥 = −𝑥2

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

− 𝑥 + ℎ 2 − (−𝑥2)

ℎ

= lim
ℎ→0

− 𝑥2 + 2𝑥ℎ + ℎ2 + 𝑥2

ℎ

= lim
ℎ→0

−𝑥2 − 2𝑥ℎ − ℎ2 + 𝑥2

ℎ

= lim
ℎ→0

−2𝑥ℎ − ℎ2

ℎ

= lim
ℎ→0

ℎ(−2𝑥 − ℎ)

ℎ
= −2𝑥 − ℎ… . 𝑠𝑢𝑏 ℎ = 0

= −2𝑥



d)
𝑓 𝑥 = 2𝑥3

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

2 𝑥 + ℎ 3 − 2𝑥3

ℎ

= lim
ℎ→0

2 𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3 − 2𝑥3

ℎ

= lim
ℎ→0

2𝑥3 + 6𝑥2ℎ + 6𝑥ℎ2 + ℎ3 − 2𝑥3

ℎ

= lim
ℎ→0

6𝑥2ℎ + 6𝑥ℎ2 + ℎ3

ℎ

= lim
ℎ→0

ℎ(6𝑥2 + 6𝑥ℎ + ℎ3)

ℎ
= 6𝑥2 + 6𝑥ℎ + ℎ3…𝑠𝑢𝑏 ℎ = 0

= 6𝑥2



a)

𝑓 𝑥 =
3

𝑥

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

3
(𝑥 + ℎ)

− (
3
𝑥
)

ℎ

= lim
ℎ→0

3𝑥

𝑥 𝑥 + ℎ
−
3 𝑥 + ℎ

𝑥 𝑥 + ℎ
.
1

ℎ

= lim
ℎ→0

3𝑥 − 3𝑥 − 3ℎ

𝑥2 + 𝑥ℎ
.
1

ℎ

= lim
ℎ→0

−3ℎ

𝑥2 + 𝑥ℎ
.
1

ℎ

= lim
ℎ→0

−3

𝑥2 + 𝑥ℎ
…𝑠𝑢𝑏 ℎ = 0

= −3/𝑥2



b)

𝑓 𝑥 = 1/𝑥2

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

1

𝑥 + ℎ 2 −
1

𝑥2
.
1

ℎ

= lim
ℎ→0

𝑥2

𝑥2 𝑥 + ℎ 2
−

𝑥 + ℎ 2

𝑥2 𝑥 + ℎ 2
.
1

ℎ

= lim
ℎ→0

𝑥2 − 𝑥2 + 2𝑥ℎ + ℎ2

𝑥2 𝑥 + ℎ 2 .
1

ℎ

= lim
ℎ→0

𝑥2 − 𝑥2 − 2𝑥ℎ − ℎ2

𝑥2 𝑥 + ℎ 2 .
1

ℎ

= lim
ℎ→0

−2𝑥ℎ − ℎ2

𝑥2 𝑥 + ℎ 2 .
1

ℎ

=
−2𝑥 − ℎ

𝑥2 𝑥 + ℎ 2

=
−2𝑥 − ℎ

𝑥4 − 2𝑥3ℎ + 𝑥2ℎ2

=
−2𝑥

𝑥4

= −
2

𝑥3



𝑓 𝑥 = −
2

𝑥3

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

−
2

𝑥 + ℎ 3
− −

2

𝑥3
.
1

ℎ

= lim
ℎ→0

−
2

𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3
+

2

𝑥3
.
1

ℎ

= lim
ℎ→0

−2 𝑥3

𝑥3 𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3
+

2(𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3

𝑥3 𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3
.
1

ℎ

= lim
ℎ→0

−2𝑥3 + 2𝑥3 + 6𝑥2ℎ + 6𝑥ℎ2 + 2ℎ3

𝑥6 + 3𝑥5ℎ + 3𝑥4ℎ2 + 𝑥3ℎ3
.
1

ℎ

= lim
ℎ→0

6𝑥2ℎ + 6𝑥ℎ2 + 2ℎ3

𝑥6 + 3𝑥5ℎ + 3𝑥4ℎ2 + 𝑥3ℎ3
.
1

ℎ

=
6𝑥2

𝑥6

= 6𝑥−4



Example 3

Given 𝑓 𝑥 = 𝑥 …use 1st principles to find 𝑓′(𝑥)

𝑓′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

𝑓′ 𝑥 = lim
ℎ→0

𝑥 + ℎ − 𝑥

ℎ

𝑓′ 𝑥 = lim
ℎ→0

𝑥 + ℎ − 𝑥

ℎ
×

𝑥 + ℎ + 𝑥

𝑥 + ℎ + 𝑥

𝑓′ 𝑥 = lim
ℎ→0

𝑥 + ℎ − 𝑥

ℎ( 𝑥 + ℎ + 𝑥

𝑓′ 𝑥 = lim
ℎ→0

ℎ

ℎ( 𝑥 + ℎ + 𝑥)

=
1

𝑥 + 𝑥

=
1

2 𝑥



𝐿𝑒𝑡 𝑦 = 𝑥3 + 4𝑥…𝑓𝑖𝑛𝑑
𝑑𝑦

𝑑𝑥

𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

= lim
ℎ→0

𝑥 + ℎ 3 + 4 𝑥 + ℎ − (𝑥3 + 4𝑥)

ℎ

= lim
ℎ→0

𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3 + 4𝑥 + 4ℎ − 𝑥3 − 4𝑥

ℎ

= lim
ℎ→0

ℎ(3𝑥2 + 3𝑥ℎ + ℎ2 + 4

ℎ

= lim
ℎ→0

3𝑥2 + 3𝑥ℎ + ℎ2 + 4

ℎ
= 3𝑥2 + 4



𝑦 = 3𝑥3

So here’s a function…

The derivative is…

𝑦 = 9𝑥2

How did I 
get it…?



𝑦 = 3𝑥3
×

3 × 3 = 9 3 − 1 = 2

− 1

𝑦 = 9𝑥2

This is how…



Remember…the derivative gives you the rate of change.

The rate of change is calculated based on the graph that is drawn.

The derivative is the gradient of the tangent to the curve at some point on the 
curve.

Remember that the tangent touches the curve ONLY AT 1 POINT!



Simple rules of differentiation

𝒇(𝒙) 𝒇′(𝒙) Name of rule

C (constant) 0 Differentiating a constant

𝑥𝑛 𝑛𝑥𝑛−1 Differentiating 𝑥𝑛

𝑐𝑢(𝑥) 𝑐𝑢′(𝑥) Constant times a function

𝑢 𝑥 + 𝑣(𝑥) 𝑢′ 𝑥 + 𝑣′(𝑥) Addition rule



Example 4

Find 𝒇′ 𝒙 for 𝒇(𝒙) equal to:

a) 2𝑥3 + 7𝑥2 − 5𝑥 + 4

b)
5

𝑥
−

6

𝑥2

___________________________________________________________________

a) 
𝑓 𝑥 = 2𝑥3 + 7𝑥2 − 5𝑥 + 4

𝑓′ 𝑥 = 2 3𝑥2 + 7 2𝑥 − 5(1)
= 6𝑥2 + 14𝑥 − 5

b)

𝑓 𝑥 =
5

𝑥
−

6

𝑥2
= 5𝑥−1 − 6𝑥−2

𝑓′ 𝑥 = 5 −1𝑥−2 − 6(−2𝑥−3)
= −5𝑥−2 + 12𝑥−3

= −
5

𝑥2
+
12

𝑥3



EXERCISE 2B





1.
a)

𝑦 = 𝑥5

𝑦′ = 5𝑥4

b)
𝑦 = 𝑥9

𝑦′ = 9𝑥8

c)
𝑦 = 3𝑥6

𝑦′ = 18𝑥5

d)
𝑦 = −2𝑥7

𝑦′ = −14𝑥6

e)

𝑦 =
1

2
𝑥4

𝑦′ = 2𝑥3

f)
𝑦 = 𝑥3 + 4𝑥
𝑦′ = 3𝑥2 + 4

g)
𝑦 = 𝑥2 − 6𝑥 + 2
𝑦′ = 2𝑥 − 6

h)
𝑦 = 4𝑥2 + 3𝑥 − 5

𝑦′ = 8𝑥 + 3

i)
𝑦 = 8𝑥2 − 1
𝑦′ = 16𝑥

j)
𝑦 = 9 − 3𝑥2

𝑦′ = −6𝑥
k)

𝑦 = 𝑥3 − 2𝑥 + 5
𝑦′ = 3𝑥2 − 2

l)

𝑦 =
1

3
𝑥3 − 5𝑥2 + 4𝑥

𝑦′ = 𝑥2 − 10𝑥 + 4

m)
𝑦 = 6 − 5𝑥 − 2𝑥2

𝑦′ = −5 − 4𝑥

n)

𝑦 = 𝑥6 +
1

3
𝑥4 − 7𝑥

𝑦′ = 6𝑥5 +
4

3
𝑥3 − 7

o)
𝑦 = 𝑥2(𝑥 − 4)
𝑦 = 𝑥3 − 4𝑥2

𝑦′ = 3𝑥2 − 8𝑥

p)
𝑦 = (𝑥 + 3)(𝑥 − 1)
= 𝑥2 − 𝑥 + 3𝑥 − 3
= 𝑥2 + 2𝑥 − 3

= 2𝑥 + 2



2.
a)

𝑦 =
1

𝑥3

= 𝑥−3

𝑦′ = −3𝑥−4

b)

𝑦 =
1

𝑥4

= 𝑥−4

𝑦′ = −4𝑥−5

c)

𝑦 =
1

𝑥7

= 𝑥−7

𝑦′ = −7𝑥−8

d)

𝑦 =
4

𝑥
= 4𝑥−1

𝑦′ = −4𝑥−2

e)

𝑦 = −
2

𝑥5

= −2𝑥−5

𝑦′ = 10𝑥−6

f)

𝑦 =
5

𝑥2

= 5𝑥−2

𝑦′ = −10𝑥−3

g)

𝑦 = 3𝑥 +
2

𝑥
= 3𝑥 + 2𝑥−1

𝑦′ = 3 − 2𝑥−2

h)

𝑦 =
1

𝑥
−

4

𝑥2

= 𝑥−1 − 4𝑥−2

𝑦′ = −𝑥−2 + 8𝑥−3

i)

𝑦 =
3

𝑥2
−

7

𝑥4

= 3𝑥−2 − 7𝑥−4

𝑦′ = −6𝑥−3 + 28𝑥−5

j)

𝑦 =
1

2𝑥

=
1

2
𝑥−1

𝑦′ = −
1

2
𝑥−2



k)

𝑦 = −
2

3𝑥2

= −
2

3
𝑥−2

𝑦′ =
4

3
𝑥−3

l)

𝑦 = 7𝑥2 −
1

4𝑥5

= 7𝑥2 −
1

4
𝑥−5

𝑦′ = 14𝑥 +
5

4
𝑥−6

m)

𝑦 =
𝑥2 + 6

𝑥

= 𝑥 +
6

𝑥
= 𝑥 + 6𝑥−1

𝑦′ = 1 − 6𝑥−2

n)

𝑦 =
𝑥 − 5

𝑥3

= 𝑥−2 −
5

𝑥3

= 𝑥−2 − 5𝑥−3

𝑦′ = −2𝑥−3 + 15𝑥−4

o)

𝑦 =
𝑥2 − 4𝑥 + 3

𝑥2

= −
4𝑥

𝑥2
+

3

𝑥2

= −
4

𝑥
+

3

𝑥2

= −4𝑥−1 + 3𝑥−2

𝑦′ = 4𝑥−2 − 6𝑥−3



Example 5

Find 𝑓′(𝑥) for 𝑓(𝑥) equal to:

a) 6 𝑥 +
3

x

b)
9
3 𝑥

_____________________________________________________________________________

a)

𝑓 𝑥 = 6 𝑥 +
3

x

= 6𝑥
1
2 + 3𝑥−1

𝑓′ 𝑥 = 6
1

2
𝑥−

1
2 + 3(−1𝑥−2)

= 3𝑥−
1
2 − 3𝑥−2

=
3

𝑥
−

3

𝑥2

b)

𝑓 𝑥 =
9
3 𝑥

= 9𝑥−
1
3

𝑓′ 𝑥 = 9(−
1

3
𝑥−

4
3)

= −3𝑥−
4
3

= −
3

3
𝑥4



𝑓 𝑥 = 6𝑥3 − 9𝑥 + 4

𝑓 𝑥 = 2𝑡4 − 10𝑡2 + 13𝑡

𝑓 𝑥 = 4𝑥7 − 3𝑥−7 + 9𝑥

𝑓 𝑥 = 𝑦−4 − 9𝑦−3 + 8𝑦−2 + 12

𝑓 𝑥 = 103 𝑥 − 24 𝑥

𝑓 𝑥 = 10
5
𝑥3 − 𝑥7 + 6

3
𝑥8 − 3

𝑓 𝑡 =
4

𝑡
−

1

6𝑡3
+

8

𝑡5

Find the 
derivative of 

these 
examples…may 

the force be with 
you…



𝑓 𝑥 =
6

𝑥3
+

1

8𝑥4
−

1

3𝑥10

𝑦 = 𝑥 3𝑥2 − 9

𝑓 𝑥 = (𝑥 − 4)(2𝑥 + 𝑥2)

ℎ 𝑥 =
4𝑥3 − 7𝑥 + 8

𝑥

𝑓 𝑦 =
𝑦5 − 5𝑦3 + 2𝑦

𝑦3

A few more 
examples…



𝑓 𝑥 = 6𝑥3 − 9𝑥 + 4
𝑓′ 𝑥 = 18𝑥2 − 9

𝑓 𝑥 = 2𝑡4 − 10𝑡2 + 13𝑡
𝑓′ 𝑥 = 8𝑡3 − 20𝑡 + 13

𝑓 𝑥 = 4𝑥7 − 3𝑥−7 + 9𝑥
𝑓′ 𝑥 = 28𝑥6 + 21𝑥−8 + 9

𝑓 𝑥 = 𝑦−4 − 9𝑦−3 + 8𝑦−2 + 12
𝑓′ 𝑥 = −4𝑦−5 + 27𝑦−4 − 16𝑦−3



𝑓 𝑥 = 103 𝑥 − 24 𝑥

𝑓′ 𝑥 =
10

3
𝑥−

2
3 +

1

2
𝑥−

3
4

𝑓 𝑥 = 10
5
𝑥3 − 𝑥7 + 6

3
𝑥8 − 3

𝑓′ 𝑥 = 6𝑥
−2
5 −

7

2
𝑥
5
2 + 16𝑥

5
3

𝑓 𝑡 =
4

𝑡
−

1

6𝑡3
+

8

𝑡5

= 4𝑡−1 −
1

6
𝑡−3 + 8𝑡−5

𝑓′ 𝑡 = −4𝑡−2 +
1

2
𝑡−4 − 40𝑡−6



𝑓 𝑥 =
6

𝑥3
+

1

8𝑥4
−

1

3𝑥10

= 6𝑥−
3
2 +

1

8
𝑥−4 −

1

3
𝑥−10

𝑓′ 𝑥 = −9𝑥−
5
2 −

1

2
𝑥−5 +

10

3
𝑥−11

𝑦 = 𝑥 3𝑥2 − 9

= 3𝑥3 − 9𝑥
𝑑𝑦

𝑑𝑥
= 9𝑥2 − 9



𝑓 𝑥 = (𝑥 − 4)(2𝑥 + 𝑥2)
= 2𝑥2 + 𝑥3 − 8𝑥 − 4𝑥2

𝑓′ 𝑥 = −4𝑥 + 3𝑥2 − 8

ℎ 𝑥 =
4𝑥3 − 7𝑥 + 8

𝑥

= 4𝑥2 − 7 +
8

𝑥
ℎ′ 𝑥 = 8𝑥 − 8𝑥−2

𝑓 𝑦 =
𝑦5 − 5𝑦3 + 2𝑦

𝑦3

= 𝑦2 − 5 + 2𝑦−2

𝑓′ 𝑦 = 2𝑦 − 4𝑦−3



Find derivatives for the following 
examples…

a) 𝑦 = 𝑥4

b) 𝑦 = 3𝑥3

c) 𝑦 = 5𝑥2 − 8

d) 𝑦 = 𝑥2 − 2𝑥 + 7

e) 𝑦 = 𝑥3 − 2𝑥2

f) 𝑦 = 𝑥6 − 5𝑥4 − 4𝑥3 − 2𝑥

g) 𝑦 = 8𝑥1.25

h) 𝑦 = 𝑥
1

2 − 3𝑥−2

i) 𝑦 =
3𝑥2+6𝑥3

𝑥

j) 𝑦 =
1

4
𝑥4(𝑥2 − 12)

k) 𝑦 = −3𝑥−
5

3

l) 𝑦 = 2𝑥−1 − 6𝑥−2 + 4𝑥−3

m) 𝑦 = 6 𝑥
n) 𝑦 = 𝑥 + 𝑥. 𝑥

o) 𝑦 =
2𝑥5+6𝑥2−3

2𝑥2

p) 𝑦 =
𝑥2−3𝑥

𝑥



a)
𝑦 = 𝑥4

𝑦′ = 4𝑥3

b)
𝑦 = 3𝑥3

𝑦′ = 9𝑥2

c)
𝑦 = 5𝑥2 − 8
𝑦′ = 10𝑥

d)
𝑦 = 𝑥2 − 2𝑥 + 7
𝑦′ = 2𝑥 − 2

e)
𝑦 = 𝑥3 − 2𝑥2

𝑦′ = 3𝑥2 − 4𝑥

f)
𝑦 = 𝑥6 − 5𝑥4 − 4𝑥3 − 2𝑥

𝑦′ = 6𝑥5 − 20𝑥3 − 12𝑥2 − 2

g)
𝑦 = 8𝑥1.25

𝑦′ = 10𝑥
1
4

h)

𝑦 = 𝑥
1
2 − 3𝑥−2

𝑦′ =
1

2
𝑥−

1
2 + 6𝑥−3

i)

𝑦 =
3𝑥2 + 6𝑥3

𝑥
𝑦 = 3𝑥 + 6𝑥2

𝑦′ = 3 + 12𝑥

j)

𝑦 =
1

4
𝑥4(𝑥2 − 12)

=
1

4
𝑥6 − 3𝑥4

𝑦′ =
3

2
𝑥5 − 12𝑥3



k)

𝑦 = −3𝑥−
5
3

𝑦′ = 5𝑥−
8
3

l)
𝑦 = 2𝑥−1 − 6𝑥−2 + 4𝑥−3

𝑦′ = −2𝑥−2 + 12𝑥−3 − 12𝑥−4

m)
𝑦 = 6 𝑥

= 𝑥
1
6

𝑦′ =
1

6
𝑥−

5
6

n)
𝑦 = 𝑥 + 𝑥. 𝑥

= 𝑥 + 𝑥. 𝑥
1
2

= 𝑥 + 𝑥
3
2

𝑦′ =
3

2
𝑥
1
2

o)

𝑦 =
2𝑥5 + 6𝑥2 − 3

2𝑥2

=
2𝑥5

2𝑥2
+
6𝑥2

2𝑥2
−

3

2𝑥2

= 𝑥3 + 3 −
3

2
𝑥−2

𝑦′ = 3𝑥2 + 3𝑥−3

p)

𝑦 =
𝑥2 − 3𝑥

𝑥

=
𝑥2

𝑥
1
2

−
3𝑥

𝑥
1
2

= 𝑥3/2 − 3𝑥
1
2

=
3

2
𝑥1/2 −

3

2
𝑥−

1
2





3. a)
𝑦 = 𝑥

= 𝑥
1
2

𝑦′ =
1

2
𝑥−

1
2

b)
𝑦 = 4. 𝑥

= 4𝑥
1
2

𝑦′ = 2𝑥−
1
2

c)
3 𝑥

= 𝑥
1
3

𝑦′ =
1

3
𝑥−

2
3

d)
𝑦 = 𝑥. 𝑥

= 𝑥
3
2

𝑦′ =
3

2
𝑥
1
2

e)

𝑦 =
2

𝑥

= 2𝑥−
1
2

𝑦′ = −1𝑥−
3
2

f)
𝑦 = 2𝑥 + 8 𝑥

= 2𝑥 + 8𝑥
1
2

𝑦′ = 2 + 4𝑥−
1
2

g)
𝑦 = 6𝑥2. 𝑥

= 6𝑥2. 𝑥
1
2

= 6𝑥
5
2

𝑦′ = 15𝑥
3
2

h)

𝑦 =
7

𝑥
−

4

𝑥

= 7𝑥−1 − 4𝑥−
1
2

𝑦′ = −7𝑥−2 + 2𝑥−
3
2

i)

𝑦 =
3𝑥 − 8

𝑥

= 3𝑥
1
2 − 8𝑥−

1
2

𝑦′ =
3

2
𝑥−

1
2 + 4𝑥−

3
2

j)

𝑦 =
6
3 𝑥

= 6𝑥−
1
3

𝑦′ = −2𝑥−
4
3



The chain rule

We can often write complicated functions as the composite of two or more 
simpler functions.

For example

𝑦 = 𝑥2 + 3𝑥
4

This could be written as…
𝑦 = 𝑢4…𝑤ℎ𝑒𝑟𝑒 𝑢 = 𝑥2 + 3𝑥

𝑜𝑟 𝑎𝑠 …
𝑦 = 𝑔 𝑓 𝑥 where g x = x4 f x − x2 + 3x



Example 6

a) 𝑔 𝑓 𝑥 if 𝑔 𝑥 = 𝑥 and 𝑓 𝑥 = 2 − 3𝑥

b) 𝑔 𝑥 and 𝑓(𝑥) such that 𝑔 𝑓 𝑥 =
1

𝑥−𝑥2

__________________________________________________________

a)
𝑔(𝑓 𝑥 )

= 𝑔(2 − 3𝑥)
= 2 − 3𝑥

b)
𝑖𝑓 𝑤𝑒 𝑙𝑒𝑡 𝑓 𝑥 = 𝑥 − 𝑥2…𝑡ℎ𝑒𝑛…

𝑔 𝑓 𝑥 =
1

𝑓(𝑥)

𝑔 𝑥 =
1

𝑥
𝑎𝑛𝑑 𝑓 𝑥 = 𝑥 − 𝑥2



EXERCISE 2C



1. a)
𝑔 𝑥 = 𝑥2…𝑓 𝑥 = 2𝑥 + 7

𝑔 𝑓 𝑥 = 2𝑥 + 7 2

b)
𝑔 𝑥 = 2𝑥 + 7…𝑓 𝑥 = 𝑥2

𝑔 𝑓 𝑥 = 2𝑥2 + 7

c)
𝑔 𝑥 = 𝑥…𝑓 𝑥 = 3 − 4𝑥

𝑔 𝑓 𝑥 = 3 − 4𝑥

d)
𝑔 𝑥 = 3 − 4𝑥…𝑓 𝑥 = 𝑥

𝑔 𝑓 𝑥 = 3 − 4 𝑥

e)

𝑔 𝑥 =
2

𝑥
…𝑓 𝑥 = 𝑥2 + 3

𝑔 𝑓 𝑥 =
2

𝑥2 + 3
f)

𝑔 𝑥 = 𝑥2 + 3…𝑓 𝑥 =
2

𝑥

𝑔 𝑓 𝑥 =
2

𝑥

2

+ 3

=
4

𝑥2
+ 3



2. a)
3𝑥 + 10 3

𝑔 𝑥 = 𝑥3

𝑓 𝑥 = 3𝑥 + 10

b)
1

2𝑥 + 4

𝑔 𝑥 =
1

𝑥
𝑓 𝑥 = 2𝑥 + 4

d)

𝑥2 − 3𝑥
𝑔 𝑥 = 𝑥

𝑓 𝑥 = 𝑥2 − 3𝑥

e)
10

3𝑥 − 𝑥2 2

𝑔 𝑥 =
10

𝑥3

𝑓 𝑥 = 3𝑥 − 𝑥2



More examples of the chain rule

a)

𝑦 = 6𝑥2 + 7𝑥
4

𝑢4 = 4𝑢3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

= 4 6𝑥2 + 7𝑥
3
. (12𝑥 + 7)

b)

𝑦 = 4𝑡2 − 3𝑡 + 2
−2

𝑢−2 = −2𝑢−3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

= −2 4𝑡2 − 3𝑡 + 2
−3
. (8𝑡 − 3)

c)

𝑦 =
3
1 − 8𝑥

= 1 − 8𝑥
1
3

𝑢
1
3 =

1

3
𝑢−

2
3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

=
1

3
1 − 8𝑥 −

2
3. (−8)

d)
𝑦 = csc(7𝑥)

csc 𝑢 = − csc 𝑢 cot(𝑢)
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
− csc 7𝑥 . cot 7𝑥 . (7)
−7 csc 7𝑥 . cot(7𝑥)



Derivatives of composite functions

The reason we are interested in writing complicated functions as composite functions is to 
make finding derivatives easier.



Example 7

Find 
𝑑𝑦

𝑑𝑥
if:

a) 𝑦 = 𝑥2 − 2𝑥
4

b) 𝑦 =
4

1−2𝑥

_________________________________________________________________

a)

𝑦 = 𝑥2 − 2𝑥
4

𝑦 = 𝑢4…𝑤ℎ𝑒𝑟𝑒 𝑢 = 𝑥2 − 2𝑥

𝑛𝑜𝑤…
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= 4𝑢3(2𝑥 − 2)

= 4 𝑥2 − 2𝑥
3
(2𝑥 − 2)

𝑦 =
4

1 − 2𝑥

𝑦 = 4𝑢−
1
2…𝑤ℎ𝑒𝑟𝑒 𝑢 = 1 − 2𝑥

𝑛𝑜𝑤…
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

= 4 × (−
1

2
𝑢−

3
2) × (−2)

= 4𝑢−
3
2

= 4 1 − 2𝑥 −
3
2



EXERCISE 2C.2



1. a)

𝑦 =
1

2𝑥 − 1 2

𝑙𝑒𝑡 𝑢 = 2𝑥 − 1

𝑦 =
1

𝑢2

= 𝑢−2

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
𝑦′ = −2𝑢−3. (2)

= −2 2𝑥 − 1 −3. (2)
= −4(2𝑥 − 1)

b)

𝑦 = 𝑥2 − 3𝑥

= 𝑥2 − 3𝑥
1
2

𝑙𝑒𝑡 𝑢 = 𝑥2 − 3𝑥
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

𝑦 = 𝑢
1
2

𝑦′ =
1

2
𝑢−

1
2. 2𝑥 − 3

=
1

2
𝑥2 − 3𝑥

−
1
2. (2𝑥 − 3)

c)

𝑦 =
2

2 − 𝑥2

=
2

2 − 𝑥2
1
2

𝑙𝑒𝑡 𝑢 = 2 − 𝑥2

𝑦 =
2

𝑢
1
2

= 2𝑢−
1
2

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

𝑦′ = −𝑢−
3
2. (−2𝑥)

= − 2 − 𝑥2
−
3
2. (−2𝑥)

2𝑥 2 − 𝑥2
−
3
2



d)

𝑦 =
3
𝑥3 − 𝑥2

= 𝑥3 − 𝑥2
1
3

𝑙𝑒𝑡 𝑢 = 𝑥3 − 𝑥2

𝑦 = 𝑢
1
3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

𝑦′ =
1

3
𝑢−

2
3. (3𝑥2 − 2𝑥)

=
1

3
𝑥3 − 𝑥2

−
2
3. (3𝑥2 − 2𝑥)

e)

𝑦 =
4

3 − 𝑥 3

𝑙𝑒𝑡 𝑢 = 3 − 𝑥

𝑦 =
4

𝑢3

= 4𝑢−3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= −12𝑢−4. (−1)

= −12 3 − 𝑥 −4. (−1)
= 12 3 − 𝑥 −4

f)

𝑦 =
10

𝑥2 − 3
𝑙𝑒𝑡 𝑢 = 𝑥2 − 3

𝑦 = 10𝑢−1

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
𝑦′ = −10𝑢−2. (2𝑥)

= −10 𝑥2 − 3
−2
. (2𝑥)



𝑦 = 2𝑥 + 3 2

𝑙𝑒𝑡 𝑢 = 2𝑥 + 3
𝑦 = 𝑢2

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
𝑦′ = 2𝑢. (2)

= 2 2𝑥 + 3 . (2)
= 4(2𝑥 + 3)
= 8𝑥 + 12

𝑦 = 2𝑥 + 3 2

= (2𝑥 + 3)(2𝑥 + 3)
= 4𝑥2 + 6𝑥 + 6𝑥 + 9
= 4𝑥2 + 12𝑥 + 9

𝑦′ = 8𝑥 + 12





3. 
a)

𝑦 = 4𝑥 − 5 2

= 𝑢2

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= 2 4𝑥 − 5 . (4)
= 8(4𝑥 − 5)

b)

𝑦 =
1

5 − 2𝑥

=
1

𝑢
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= −5 5 − 2𝑥 −2. (−2)

= 2 5 − 2𝑥 −2

c)

𝑦 = 3𝑥 − 𝑥2

= 3𝑥 − 𝑥2
1
2

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

=
1

2
3𝑥 − 𝑥2

−
1
2. (3 − 2𝑥)

d)
𝑦 = 1 − 3𝑥 4

= 𝑢4

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= 4 1 − 3𝑥 3. (−3)
= −12 1 − 3𝑥 3

e)
𝑦 = 6 5 − 𝑥 3

= 6𝑥3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= 18 5 − 𝑥 2. (−1)
= −18 5 − 𝑥 2

f)

𝑦 =
3
2𝑥3 − 𝑥2

= 2𝑥3 − 𝑥2
1
3

= 𝑢
1
3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

=
1

3
2𝑥3 − 𝑥2

−
2
3. (6𝑥2 − 2𝑥)



g)

𝑦 =
6

5𝑥 − 4 2

=
6

𝑢2
= 6𝑢−2

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= −12 5𝑥 − 4 −3. (5)
= −60 5𝑥 − 4 −3

h)

𝑦 = 𝑥2 − 5𝑥 + 8
5

= 𝑢5

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

5 𝑥2 − 5𝑥 + 8
4
. (2𝑥 − 5)

i)

𝑦 = 2 𝑥2 −
2

𝑥

3

= 2 𝑥2 − 2𝑥−1
3

= 2𝑢3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

= 6 𝑥2 − 2𝑥−1
2
. (2𝑥 + 2𝑥−2)



Find the following derivatives…

1. 𝑦 = 6𝑥2 + 7𝑥
4

2. 𝑦 = 4𝑡2 − 3𝑡 + 2
−2

3. 𝑦 =
3
1 − 8𝑥

4. 𝑦 = csc 7𝑥
5. 𝑦 = 2sin(3𝑥 + tan 𝑥 )
6. 𝑦 = tan(4 + 10𝑥)

7.𝑦 = 5 + 𝑒4𝑡+𝑡
7

8. 𝑦 = 𝑒1−cos(𝑥)

9. 𝑦 = 21−6𝑥

10. 𝑦 = ln(1 − 5𝑦2 + 𝑦3)



More examples…

1. 

𝑦 = 6𝑥2 + 7𝑥
4

𝑢4 = 4𝑢3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

= 4 6𝑥2 + 7𝑥
3
. (12𝑥 + 7)

2.

𝑦 = 4𝑡2 − 3𝑡 + 2
−2

𝑢−2 = −2𝑢−3

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

= −2 4𝑡2 − 3𝑡 + 2
−3
. (8𝑡 − 3)

3. 

𝑦 =
3
1 − 8𝑥

= 1 − 8𝑥 −
2
3. (−8)

4.
𝑦 = csc 7𝑥

csc 𝑢 = −csc 𝑢 . cot(𝑢)
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= − csc 7𝑥 . cot 7𝑥 . (7)
= −7 csc 7𝑥 . cot(7𝑥)

5.
𝑦 = 2sin(3𝑥 + tan 𝑥 )

2sin(𝑢)
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= 2 cos 3𝑥 + tan 𝑥 . 3 + sec2(𝑥)

6.
𝑦 = tan(4 + 10𝑥)

tan(𝑢)
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= sec2 4 + 10𝑥 . (10)
= 10 sec2(4 + 10𝑥)



7.

𝑦 = 5 + 𝑒4𝑡+𝑡
7

𝑒𝑢…𝑤ℎ𝑒𝑟𝑒 𝑢 = 4𝑡 + 𝑡7

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

𝑒4𝑡+𝑡
7
. (4 + 7𝑡7)

8.

𝑦 = 𝑒1−cos(𝑥)

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= 𝑒1−cos 𝑥 . sin(𝑥)

9. 
𝑦 = 21−6𝑥

2𝑢 = ln 2 . 21−6𝑥

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
= ln 2 . 21−6𝑥. (−6)

= −6 21−6𝑥 . ln(2)

10.
𝑦 = ln(1 − 5𝑦2 + 𝑦3)

ln 𝑥 =
1

𝑥
𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥

=
1

1 − 5𝑦2 + 𝑦3
. (−10𝑦 + 3𝑦2)

=
(−10𝑦 + 3𝑦2)

(1 − 5𝑦2 + 𝑦3)



The product rule

If 𝑓 𝑥 = 𝑢 𝑥 𝑣(𝑥)…then…𝑓′ 𝑥 = 𝑢′ 𝑥 . 𝑣 𝑥 + 𝑢 𝑥 . 𝑣′(𝑥)

Alternatively…

If 𝑦 = 𝑢𝑣…𝑤ℎ𝑒𝑟𝑒 𝑢 𝑎𝑛𝑑 𝑣 𝑎𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑥 … 𝑡ℎ𝑒𝑛…
𝑑𝑦

𝑑𝑥
=
𝑑𝑢

𝑑𝑥
. 𝑣 + 𝑢.

dv

dx

REMEMBER…WE ARE 
MUTIPLYING TWO DIFFERENT 

FUNCTIONS HERE…



Example 8 

Find 
𝑑𝑦

𝑑𝑥
if…

a) 𝑦 = 𝑥 2𝑥 + 1 3

b) 𝑦 = 𝑥2 𝑥2 − 2𝑥
4

__________________________________________________________________________________________

a)
𝑦 = 𝑥 2𝑥 + 1 3

𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑢 = 𝑥
1
2 𝑎𝑛𝑑 𝑣 = 2𝑥 + 1 3

𝑢′ =
1

2
𝑥−

1
2…𝑎𝑛𝑑 𝑣′ = 3 2𝑥 + 1 2 × 2…(𝑐ℎ𝑎𝑖𝑛 𝑟𝑢𝑙𝑒)

= 6 2𝑥 + 1 2

𝑛𝑜𝑤
𝑑𝑦

𝑑𝑥
= 𝑢′𝑣 + 𝑢𝑣′

=
1

2
𝑥−

1
2. 2𝑥 + 1 3 + 𝑥

1
2. 6 2𝑥 + 1 2

1

2
𝑥−

1
2. 2𝑥 + 1 3 + 6𝑥

1
2 2𝑥 + 1 2

Practice this!!!



𝑦 = 𝑥2 𝑥2 − 2𝑥
4

𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑢 = 𝑥2𝑎𝑛𝑑 𝑣 = 𝑥2 − 2𝑥
4

𝑢′ = 2𝑥 …𝑎𝑛𝑑 𝑣′ = 4 𝑥2 − 2𝑥
3
2𝑥 − 2 …(𝑐ℎ𝑎𝑖𝑛 𝑟𝑢𝑙𝑒)

𝑛𝑜𝑤…
𝑑𝑦

𝑑𝑥
= 𝑢′𝑣 + 𝑢𝑣′

= 2𝑥 𝑥2 − 2𝑥
4
+ 𝑥2. 4 𝑥2 − 2𝑥

3
2𝑥 − 2

= 2𝑥 𝑥2 − 2𝑥
4
+ 4𝑥2. 𝑥2 − 2𝑥

3
2𝑥 − 2



EXERCISE 2D



1. a)
𝑓 𝑥 = 𝑥. (𝑥 − 1)

𝑓′ 𝑥 = 𝑥 − 1 + 𝑥
= 2𝑥 − 1

b)
𝑓 𝑥 = 2𝑥(𝑥 + 1)

𝑓′ 𝑥 = 2 𝑥 + 1 + 2𝑥
= 2𝑥 + 2 + 2𝑥

= 4𝑥 + 2

c)

𝑓 𝑥 = 𝑥2. 𝑥 + 1

= 𝑥2. 𝑥 + 1
1
2

𝑓′ 𝑥 = 2𝑥. 𝑥 + 1 +
1

2
𝑥 + 1 −

1
2. 𝑥2

d)
𝑓 𝑥 = (𝑥 + 3)(𝑥 − 1)
= 𝑥2 + 3𝑥 − 𝑥 − 3
= 𝑥2 + 2𝑥 − 3

= 2𝑥 + 2

e)

𝑓 𝑥 = 𝑥. 𝑥2 − 1
1
2

𝑓′ 𝑥 = 𝑥2 − 1
1
2 +

1

2
𝑥2 − 1

−
1
2. 2𝑥 + 𝑥

f)
𝑓 𝑋 = 𝑥 𝑥 + 1 2

𝑓′ 𝑥 = 𝑥 + 1 2 + 2(𝑥 + 1)(𝑥)
= 𝑥 + 1 2 + 2𝑥(𝑥 + 1)



2. 
a)

𝑦 = 𝑥2(2𝑥 − 1)
𝑑𝑦

𝑑𝑥
= 2𝑥 2𝑥 − 1 + 2 𝑥2

= 2𝑥 2𝑥 − 1 + 2𝑥2

b)
𝑦 = 4𝑥 2𝑥 + 1 3…𝑐ℎ𝑎𝑖𝑛 𝑟𝑢𝑙𝑒 …

𝑑𝑦

𝑑𝑥
= 4 2𝑥 + 1 3. 2𝑥 + 1 3 + 6 2𝑥 + 1 2. (4𝑥)

= 4 2𝑥 + 1 3. 2𝑥 + 1 3 + 24𝑥 2𝑥 + 1 2

c)

𝑦 = 𝑥2. 3 − 𝑥

= 𝑥2. 3 − 𝑥
1
2

𝑑𝑦

𝑑𝑥
= 2𝑥 3 − 𝑥

1
2 −

1

2
3 − 𝑥 −

1
2. (𝑥2)

= 2𝑥 3 − 𝑥
1
2 −

1

2
𝑥2. 3 − 𝑥 −

1
2

d)
𝑦 = 𝑥 𝑥 − 3 2

= 𝑥
1
2. 𝑥 − 3 2

𝑑𝑦

𝑑𝑥
=
1

2
𝑥−

1
2. 𝑥 − 3 2 + 2(𝑥 − 3)(𝑥

1
2)

=
1

2
𝑥−

1
2. 𝑥 − 3 2 + 2𝑥

1
2. (𝑥 − 3)

e)

𝑦 = 5𝑥2 3𝑥2 − 1
2

𝑑𝑦

𝑑𝑥
= 10𝑥 3𝑥2 − 1

2
+ 6(3𝑥 − 1)(5𝑥2)

= 10𝑥 3𝑥2 − 1
2
+ 60𝑥3(3𝑥 − 1)



The Quotient rule

If 𝑄 𝑥 =
𝑢(𝑥)

𝑣(𝑥)
…𝑡ℎ𝑒𝑛…

𝑄′ 𝑥 =
𝑢′ 𝑥 . 𝑣 𝑥 − 𝑢 𝑥 . 𝑣′(𝑥)

𝑣 𝑥 2

Alternatively…

𝑦 =
𝑢

𝑣
𝑑𝑦

𝑑𝑥
=
𝑢′𝑣 − 𝑢𝑣′

𝑣2



Example 9

Use the quotient rule to find:

a) 𝑦 =
1+3𝑥

𝑥2+1
…𝑢 = 1 + 3𝑥…𝑣 = 𝑥2 + 1

b) 𝑦 =
𝑥

1−2𝑥 2…𝑢 = 𝑥 = 𝑥
1

2…𝑣 = 1 − 2𝑥 2

𝑦 =
1 + 3𝑥

𝑥2 + 1
𝑑𝑦

𝑑𝑥
=
𝑢′𝑣 − 𝑢𝑣′

𝑣2

=
3 𝑥2 + 1 − 1 + 3𝑥 . 2𝑥

𝑥2 + 1 2

=
3𝑥2 + 3 − 2𝑥 − 6𝑥2

𝑥2 + 1 2

=
3 − 2𝑥 − 3𝑥2

𝑥2 + 1 2

𝑦 =
𝑥

1 − 2𝑥 2

𝑑𝑦

𝑑𝑥
=
𝑢′𝑣 − 𝑢𝑣′

𝑣2

=

1
2𝑥

−
1
2 𝟏 − 𝟐𝒙 2 − 𝑥

1
2 × (−4 1 − 2𝑥 )

1 − 2𝑥 4

=

1
2 𝑥

−
1
2 1 − 2𝑥 2 + 4𝑥

1
2(1 − 2𝑥)

1 − 2𝑥 4

=

1 − 2𝑥 [
1 − 2𝑥
2 𝑥

+ 4 𝑥
2 𝑥
2 𝑥

]

1 − 2𝑥 3

=
1 − 2𝑥 + 8𝑥

2 𝑥 1 − 2𝑥 3

=
6𝑥 + 1

2 𝑥 1 − 2𝑥 3



EXERCISE 2E



1. a)

𝑦 =
1 + 3𝑥

2 − 𝑥
𝑑𝑦

𝑑𝑥
=
3 2 − 𝑥 − (−1)(1 + 3𝑥)

2 − 𝑥 2

=
6 − 3𝑥 + 1 + 3𝑥

2 − 𝑥 2

=
7

2 − 𝑥 2

b)

𝑦 =
𝑥2

2𝑥 + 1
𝑑𝑦

𝑑𝑥
=

2𝑥 2𝑥 + 1 − (2)(𝑥2)

2𝑥 + 1 2

=
4𝑥2 + 2𝑥 − 2𝑥2

2𝑥 + 1 2

=
2𝑥2 + 2𝑥

2𝑥 + 1 2

c)

𝑦 =
𝑥

𝑥2 − 3
𝑑𝑦

𝑑𝑥
=

𝑥2 − 3 − 2𝑥 (𝑥)

𝑥2 − 3 2

=
𝑥2 − 3 − 2𝑥2

𝑥2 − 3 2

=
−𝑥2 − 3

𝑥2 − 3 2

e)

𝑦 =
𝑥2 − 3

3𝑥 − 𝑥2

𝑑𝑦

𝑑𝑥
=

2𝑥 3𝑥 − 𝑥2 − (3 − 2𝑥)(𝑥2 − 3)

3𝑥 − 𝑥2 2

=
6𝑥2 − 2𝑥3 − 3𝑥2 + 9 + 2𝑥3 − 6𝑥

3𝑥 − 𝑥2 2

=
3𝑥2 − 6𝑥 + 9

3𝑥 − 𝑥2 2




