




If y is a function of t, such that:

𝒚 𝒕 = 𝒌𝒂𝒕

Where k>0 & a are constants.

a>0 & a cannot be 1
Then we say that y is growing/decaying exponentially.

Growing if: a>1
Decaying if: 0<a<1

Can also be written as:

𝒚 𝒕 = 𝒌𝒆𝒂𝒕

a > 0…GROWING

a < 0…DECAYING





The initial value is the value of y at time zero.

𝑦 0 𝑤ℎ𝑒𝑛 𝑡 = 0

𝑦0 = 𝑘𝑎0 = 𝑘

∴ 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑘 = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑦

𝑦 𝑡 = 𝑘𝑎𝑡

𝑦 𝑡 + 1 = 𝑘𝑎𝑡+1

𝑦 𝑡 + 1

𝑦 𝑡
=
𝑘𝑎𝑡+1

𝑘𝑎𝑡
= 𝑎

∴ 𝑦 𝑡 + 1 = 𝑎𝑦(𝑡)





𝒈𝒆𝒏𝒆𝒓𝒂𝒍𝒍𝒚, 𝒔𝒖𝒑𝒑𝒐𝒔𝒆 𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒕 𝟐 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒕𝒊𝒎𝒆𝒔…

𝑦1 = 𝑐𝑒𝑘𝑡1 …(1)
𝑦2 = 𝑐𝑒𝑘𝑡2 …(2)

𝒅𝒊𝒗𝒊𝒅𝒊𝒏𝒈 𝒕𝒉𝒆 𝟏𝒔𝒕 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒃𝒚 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏…
𝑦1
𝑦2

= 𝑒𝑘(𝑡1−𝑡2)

𝒕𝒂𝒌𝒊𝒏𝒈 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒍𝒐𝒈…
𝑙𝑛𝑦1 − 𝑙𝑛𝑦2 = 𝑘(𝑡1 − 𝑡2)

𝒅𝒊𝒗𝒊𝒅𝒏𝒈 𝒃𝒚 𝒕𝟏 − 𝒕𝟐…

𝑘 =
𝑙𝑛𝑦1 − 𝑙𝑛𝑦2
(𝑡1 − 𝑡2)

𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒏𝒈 𝒄 𝒃𝒂𝒄𝒌…

𝑦1 = 𝑐𝑒
𝑙𝑛𝑦1−𝑙𝑛𝑦2
(𝑡1−𝑡2)

.𝑡1

𝒕𝒂𝒌𝒊𝒏𝒈 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒍𝒐𝒈…

𝑙𝑛𝑦1 = 𝑙𝑛𝑐 +
𝑙𝑛𝑦1 − 𝑙𝑛𝑦2
(𝑡1 − 𝑡2)

. 𝑡1



𝒊𝒏 𝒔𝒖𝒎𝒎𝒂𝒓𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 𝟐 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔:

𝑦1 = 𝑐𝑒𝑘𝑡1 …(1)
𝑦2 = 𝑐𝑒𝑘𝑡2 …(2)

𝒂𝒍𝒍𝒐𝒘𝒔 𝒖𝒔 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒄…

∴ 𝑐 = 𝑒
(
𝑡1.𝑙𝑛𝑦2−𝑡2𝑙𝑛𝑦1

𝑡1−𝑡2
)



Shall we solve some examples 
together…

Example 1:

The mass of a colony of bacteria grows 
exponentially. Initially the colony has a mass of 
2mg.

3 hours later…the mass is 2.1mg.

a) Express the mass of the colony as a function of 
time.

b) How long does it take for the mass to be 5mg?



𝑙𝑒𝑡 𝑦 𝑡 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑎𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑙𝑜𝑛𝑦
𝑎𝑓𝑡𝑒𝑟 𝑡 ℎ𝑜𝑢𝑟𝑠 …

𝑦 0 = 2
𝑦 3 = 2.1

𝑦 𝑡 = 𝑘𝑎𝑡

𝑘 = 2
𝑘𝑎3 = 2.1

2.1

2
= 𝑎3

𝑎 =
3
1.05

𝑎 = 1.05
1
3

𝒇𝒊𝒏𝒂𝒍𝒍𝒚…

𝑦 = 𝑘𝑎𝑡

= 2 1.05
1
3

𝑡

= 2(1.05)
𝑡
3

𝑤𝑒 𝑎𝑟𝑒 𝑎𝑠𝑘𝑒𝑑 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒
𝑤ℎ𝑒𝑛 𝑡ℎ𝑒 𝑚𝑎𝑠𝑠 𝑖𝑠 5𝑚𝑔…

5 = 2(1.05)
𝑡
3

𝑙𝑜𝑔
5

2
= 𝑙𝑜𝑔(1.05)

𝑡
3

𝑡

3
=

log 2.5

𝑙𝑜𝑔1.05

𝑡 = 3 × 18.8

𝑡 = 56.3 ℎ𝑜𝑢𝑟𝑠



Example 2:

The amount of radioactivity given off by a 
substance decrease by 5% every hour.

After how long will it be 1% of its original value?



𝑙𝑒𝑡 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑏𝑒 𝑅

𝐴𝑓𝑡𝑒𝑟 𝑡 ℎ𝑜𝑢𝑟𝑠, 𝑡ℎ𝑒 𝑎𝑚𝑜𝑢𝑛𝑡 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑅 0.95 𝑡

𝑅

100
= 𝑅 0.95 𝑡

𝑙𝑜𝑔
1

100
= 𝑡𝑙𝑜𝑔0.95

𝑡 = −
2

𝑙𝑜𝑔0.95

𝑡 = 89.78 ℎ𝑜𝑢𝑟𝑠



Example 3:

A herd of llamas has 1000 llamas in it.

The population is growing exponentially.

At time t= 4…it has 2000 llamas

Write a formula at any time t.



𝒇 𝒕 = 𝒄. 𝒆𝒌𝒕

𝑤ℎ𝑒𝑟𝑒 𝑓 𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑙𝑎𝑚𝑎𝑠 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡.
𝑐 𝑎𝑛𝑑 𝑘 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝑡𝑜 𝑏𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑

𝑎𝑡 𝑡 = 0… 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 1000 𝑙𝑙𝑎𝑚𝑎𝑠
𝑎𝑡 𝑡 = 4… 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 2000 𝑙𝑙𝑎𝑚𝑎𝑠

𝑐 = 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑓 𝑎𝑡 𝑡 = 0…𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 1000

𝑘 =
𝑡1. 𝑙𝑛𝑦2 − 𝑡2𝑙𝑛𝑦1

𝑡1 −𝑡2

=
𝑙𝑛1000 − 𝑙𝑛2000

0 − 4

= 𝑙𝑛
1000

2000
− 4

=
𝑙𝑛0.5

−4

= ln
2

4

𝑓 𝑡 = 1000𝑒
𝑙𝑛2
4

𝑓 𝑡 = 1000. 2
𝑡
4



Example 4:

A colony of bacteria is growing exponentially.

At time t = 0…it has 10 bacteria

At time t = 4 it has 2000 bacteria

At what time will it have 100 000 bacteria?



𝑘 =
𝑡1. 𝑙𝑛𝑦2 − 𝑡2𝑙𝑛𝑦1

𝑡1 −𝑡2

=
𝑙𝑛10 − 𝑙𝑛2000

0 − 4

=
𝑙𝑛

10
2000
−4

=
ln 200

4

𝑓 𝑡 = 10. 𝑒𝑙𝑛
200
4 .𝑡

= 10. 200
𝑡
4

100 000 = 10. 𝑒𝑙𝑛
200

4
.𝑡…….÷ 10

ln 10 000 = ln
200

4
. 𝑡

𝑡 = 4
ln 10000

ln 200
…… . 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑓𝑜𝑟 𝑡

𝑡 = 6.95



Given the process of exponential decay...we can ask how long it would take 
for the half the original amount to remain…

𝑦 𝑡 =
𝑦0
2

𝑦0
2
= 𝑦0. 𝑒

−𝑘𝑡

1

2
= 𝑒.−𝑘𝑡

𝑡𝑎𝑘𝑖𝑛𝑔 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙𝑠 …

2 =
1

𝑒−𝑘𝑡
= 𝑒𝑘𝑡

ln 2 = ln 𝑒𝑘𝑡 = 𝑘𝑡

𝝉 =
𝒍𝒏𝟐

𝒌

𝝉 𝑡ℎ𝑖𝑠 𝑠𝑦𝑚𝑏𝑜𝑙 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠
ℎ𝑎𝑙𝑓 𝑙𝑖𝑓𝑒 …‼!





In 1986, the Chernobyl nuclear plant exploded.

Two radioactive elements were released.

These are Iodine131 whose half life is 8 days…

& the other was Cesium137 whose half life is 30 
years.

With our model for radioactive decay, we can 
predict how much of this material would remain 
over time…



𝒇𝒐𝒓 𝒊𝒐𝒅𝒊𝒏𝒆𝟏𝟑𝟏

𝑘 =
ln 2

𝜏

=
ln2

8

𝑘 = 0.0866 𝑝𝑒𝑟 𝑑𝑎𝑦

𝑡ℎ𝑢𝑠 𝑖𝑓 𝑡 𝑖𝑠 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑖𝑛 𝑑𝑎𝑦𝑠…
𝑡ℎ𝑒 𝑎𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝐼131 𝑤𝑜𝑢𝑙𝑑 𝑏𝑒…

𝑦 𝑡 = 𝑦0. 𝑒
−0.0866(𝑡)

𝒇𝒐𝒓 𝒄𝒆𝒔𝒊𝒖𝒎𝟏𝟑𝟕

𝑘 =
ln 2

𝜏

=
ln2

30

𝑘 = 0. 023 𝑝𝑒𝑟 𝑦𝑒𝑎𝑟

𝑦 𝑡 = 𝑦0𝑒.
−0.023(𝑡)

𝒉𝒐𝒘 𝒍𝒐𝒏𝒈 𝒘𝒐𝒖𝒍𝒅 𝑰𝟏𝟑𝟏𝒕𝒂𝒌𝒆 𝒕𝒐
𝒅𝒆𝒄𝒂𝒚 𝒕𝒐 𝟎. 𝟏% 𝒐𝒇
𝒊𝒕𝒔 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆?

0.001𝑦0 = 𝑦0. 𝑒
−0.0866(𝑡)

0.001 = 𝑒−0.0866(𝑡)

ln 0.001 = −0.0866 (𝑡)

𝑡 = 79.7 𝑑𝑎𝑦𝑠


